In this short note we focus on two recently introduced parameters in the literature, namely 'local dimension' (a parameter on partially ordered sets) and 'local boxicity' (a parameter on graphs). First we establish a relation between them and then we give an upper bound for both the parameters in terms of the maximum degree of a graph (for local dimension we consider the comparability graph of a poset). Finally, we show that the local boxicity of a graph is upper bounded by its 'product dimension'.
Introduction
In this manuscript, unless mentioned explicitly, we consider only simple, undirected, and finite graphs. All the logarithms are to the base 2. Local boxicity of a graph is a notion that was introduced in [3] .
Definition 1 (Local Boxicity). Local boxicity of a graph G, denoted by lbox(G), is the smallest positive integer t such that G = ∩ k i=1 I i , where each I i is an interval graph and each vertex of G appears as a non-universal vertex in at most t interval graphs in the collection {I 1 , I 2 , . . . , I k }.
Let P = (X, ) be a partially ordered set (poset) with ground set X and binary relation . A linear order is a partial order in which every two elements are comparable with each other. If a partial order P = (X, ) and a linear order L = (X, ≺) are both defined on the same set X, and if every ordered pair in P are also present in L, then L is called a linear extension of P. A partial linear extension or ple of P is defined as a linear extension of any subposet of the poset P.
Definition 2 (Local Realizer).
A local realizer of a poset P is a non-empty family L = {L 1 , L 2 , . . . , L l } of ple's of P such that following conditions hold.
2. If x and y are two incomparable elements of the poset P,
Given a local realizer L of P and an element x ∈ P, the frequency of x in L, denoted by µ x (L), is defined as the number of ple's in L that contain x as an element. The maximum frequency of a local realizer is denoted by µ(L) = max x∈P µ x (L).
Definition 3 (Local Dimension). The local dimension of a poset P, denoted by ldim(P), is defined as min ∀L µ(L) where the minimum is taken over all the local realizers L of P.
The notion of local dimension was introduced by Ueckerdt in [8] .
2 Connection between local boxicity and local dimension
where P = (X, ) is a poset and G P is its underlying comparability graph.
Proof. Let lbox(G P ) = t. Let G P = ∩ k i=1 I i , where each I i is an interval graph, and every vertex of G P appears as a non-universal vertex in at most t of these interval graphs in the collection 
A topological sorting on the Hasse diagram of the poset P will result in another linear extension L o . We claim that {L o } ∪ L is a local realizer of the poset P. For all x, y ∈ X with x P y, the linear extension L o satisfies x ≺ Lo y. Further, whenever
y. If x and y are two incomparable elements of the poset P, then in G P the two vertices that are representing the elements x and y will not be connected by an edge. So there exists at least one interval graph I i where the two intervals corresponding to these vertices will be non-overlapping. It follows from our construction that,
y. Each element of P is present in at most 2t + 1 number of ple's. Hence, ldim(P) ≤ 2 lbox(G P ) + 1.
Local boxicity, local dimension, and maximum degree
We define lbox(∆) := max{lbox(G) : maximum degree of G is ∆}. Similarly, we define box(∆) := max{box(G) : maximum degree of G is ∆}, where box(G) denotes the boxicity of G.
Lemma 2.
[2] For a graph G with maximum degree ∆ ≥ 2 64 , there exists a partition of V (G) into r parts, where r = ⌈ 400∆ log ∆ ⌉, such that for every vertex v ∈ V (G) and for every part
The following theorem connects the local boxicity of a graph with its maximum degree. Proof. (Induction on ∆) It follows from the definition that lbox(G) ≤ box(G), which leads to lbox(∆) ≤ box(∆). We know from [5] and [4] that box(∆) ≤ 50∆ log 2 ∆. So, lbox(∆) ≤ box(∆) ≤ 50∆ log 2 ∆. Base Case: For every 1 < ∆ ≤ 2 64 , it can be shown that, 50∆ log 2 ∆ ≤ 2 9 log * ∆ ∆.
Induction step: Let ∆ > 2 64 and assume the theorem is true for every graph with maximum degree less than ∆. Let G be a graph with maximum degree ∆. The vertex set V (G) of the graph G is partitioned into r parts, namely V 1 , V 2 , . . . , V r , where r = ⌈ 400∆ log ∆ ⌉ and
. Existence of such a partition is guaranteed by Lemma 2.
. Let I i,j denote a collection of interval graphs that corresponds to an optimal local box representation of
Note that in such a representation, every vertex v ∈ V i appears as a universal vertex in every I ∈ I a,b , where i / ∈ {a, b}. Thus we have for every ∆ > 2 64 ,
9 log * (log ∆) log ∆ = 2 9 log * ∆ ∆.
Theorem 4 (Theorem 2 in [6] ). The maximum local dimension of a poset on n points is Θ(n/ log n).
Let ldim(∆) := max{ldim(P) : maximum degree of G P is ∆} where G P is the underlying comparability graph of a poset P. Corollary 5 follows directly from Lemma 1, Theorem 3, and Theorem 4.
Corollary 6 follows directly from Lemma 1, Theorem 3, and Corollary 5. 4 Connection between the local boxicity and the product dimension of a graph Definition 4. [7] The product dimension of a graph G, denoted by prod dim(G), is the minimum positive integer k for which there exists a function f :
such that uv ∈ E(G), if and only if f (u) and f (v) differ in exactly k coordinates.
Lemma 7. For any graph G, lbox(G) ≤ prod dim(G).
For each i ∈ [k], j ∈ S i , we construct an interval graph I i,j in the following way. Let g i,j be an interval representation of I i,j (g i,j : V (I i,j ) → X, where X is the set of all closed intervals on the real line). For a vertex v a ∈ {v 1 , v 2 , . . . , v n }, if f i (v a ) = j, then g i,j (v a ) = [a, a]. Otherwise, g i,j (v a ) is an interval that overlaps with every other interval g i,j (w), w ∈ V (G). For any given i ∈ {1, 2, . . . , k}, a vertex v ∈ V (G) appears as a non-universal vertex in exactly one interval graph I i,j where j = f i (v). Thus v appears as a non-universal vertex in at most k interval graphs in this collection. Hence, lbox(G) ≤ k = prod dim(G).
Corollary 8. ldim(P) ≤ 2 prod dim(G P ) + 1, where P = (X, ) is a poset and G P is its underlying comparability graph.
